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ON THE STABILITY OF THE STATIONARY FRONT OF AN
EXOTHERMIC REACTION IN A CONDENSED PHASE*

P.A. AVDEYEV

AR system in the theory of combustion 1is considered in which the
Arrhenius dependence of the rate of reaction on temperature is modified
at temperatures close to the initial temperature in order to ensure the
existence of a stationary front. Investigation of the stability of the
stationary wave leads to the determination of the neutral curves and the
amplitude equation. A coefficient, which defines the nature of the loss
of stability, is calculated for the case when there is loss of stability
with the occurrence of selfexcited oscillations of the plane front.
This coefficient 1is always negative, which corresponds to soft
excitation of selfexcited oscillations. The results obtained are
compared with the data from numerical experiments /1-5/.

The heat-conduction equation and the equation for the rate of a chemical equation in a
coordinate system which is moving at a velocity U have the form

X ox oy _ oY
G =M =0 =@ M
. 1 €x .
® = pY}(X.C,8), [(X,C,0)=exp{ ox—1) @)
_[:Uth’ s:%(%—U!), I:%Zn Z/=_[a‘r‘zz
1 T _ ) _ T—T,
X:T@_T), Y=n, T;=T,+—, C=-p—"

B 1 R ¢ a2
0="p p=gresp(—), A=At A= g

Here, 2, z; and z; are Cartesian coordinates, @ is the rate of reaction, T and n are
the temperature and concentration of the reagent, a and ¢ are the thermal diffusivity and heat
capacity, B is a pre-exponential term, T, is the initial temperature, 7, is the combustion
temperature, § is the heat of reaction, E is the energy of activation, R is the gas constant
and C,0 and p are dimensionless parameters of the problem.

We shall modify the Arrhenius dependence (2) in the neighbourhcod of X =1 by putting
it identically equal to zero when X > X, in order to ensure the existence of a stationary

combustion wave. For this purpose, we shall solve the equation with X' =CX and Y =(CY
X’ , , ay’ , 1 X’ 3 .
& =V =X, - =pY exP(T =7 )

§— —oc, X’ =exp (ps), Y = (1 + p)exp (ps)

up to s=s, (p,0), where the magnitude of dY’/dX’' is a minimum, and determine Ci{p.0) =1"(s,)
and X, (p, 8) = X’ (s,)/C. The dependence of p on the parameters of the problenm, ¢ and ¢, 1is
thereby determined and this also means the velocity U of the stationary wave. The choice of
the discontinuous modification of f is fixed by the definition of X,.

p and 6 are subsequently taken as the independent parameters of the problem. The station-
ary solution of (1) with the modified dependence (2) is now determined, when s <s,, by the
soluton of (3): X, = X'IC, Y, =Y'IC and, when s >s,, we obtain

Yo 1, Xo =1 4 (X, (s,) — 1) exp (se — 9)
The stationary solution which has been found satisfies the conditions
s=—00, Xg=Y,=0, s = +4oc, Xp =Y, =1 (4)
A second dependence ( = C (p, §) is defined when a second modification of f is chosen

from the condition for the existence of a stationary solution of (1) which satisfies (4).
In order to determine C (p, 0) and the neutral curves, it is sufficient to use the
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discontinuous modification of f which has been obtained (compare with /6/)1, but the require-
ments regarding the smoothness of the modification of f need to be increased for the correct
determination of the Lyapunov coefficients. Calculations show that the dependence C((p, ),
the neutral curves, the Lyapunov coefficient (p{8) and the other characteristics depend
only slightly on the modifications obtained by a change in the discontinuous modification
which has been constructed in the neighbourhood of X = X,.

The initial-boundary value problem (Q 1is a cylinder and v is the external normal to
the boundary of the cylinder)

ax |

24
T e~ o e = (5)

NXmo= Xz, 5.8}, Yo=Yz, 4, 8), 20

is formulated in the case of Eq.(l).
In order to study the neighbourhood of the stationary solution, we shall reduce problem

{1}, {5) to the local form /7/

T =AY £ S B(Y, V) 4 C(Y, W)+ ©6)
W oy = W0, JW/0v Jag = 0

Here,

Y=[U VI, U=X X, V=V-Y, ¥V, =1[U, V)T, n=

1, 2, 3
4 A - 3/3s -— @y — Dy
= ‘ —®y 3jds — Dy

B (¥, ¥,) = —~[D®, DWIT, C(¥,, ¥,, V,) = —[D®, DD]T
DO (¥, V) = Oxx U U, + Oxy (U)Y, + VU,) + Oyy V|V,
D3 (Wn ‘Pm ‘Pa) = QOxxx U1U2U3 + (DYYY V1V2V3 +
Dxxy (U1U2Va -+ U1V2U3 + VleUs) + Dyyy (Ulsz.'x +
ViUV, + Vi Voly)

The derivatives of @ with respect to X and ¥ are calculated for the stationary solution
Xo Yy
In order to study the stability of the state ¥ =0 of Eq.(6), we obtain the eigenvalue
problem
Ap = My, p— 0, s> o0, POV [so = 0 0

(p = fu, vI¥ Qepends on x, y and ). This problem is solved in the same manner as in /6/.
In solution, which corresponds to A =0, always exists: 1, == [dX,/ds, dY/ds|T.
Let us now apply the method of separation of variables to problem {7)

Ylr, v =g wlz g, o=I5 nlF 8
and obtain the two problems
d*E/dst + dE/ds — (Dx + A + p) E — Oyy =0 (9)
dn/ds — Oxf— @y + M0 =0; & n—>0, s>+ o0
Ajw - pw =0, dwi/dv g = 0 (10y
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) In order to solve problem (9), which depends on an additional parameter p >0, let us
define two bases of the solutions of (9):¢™ = (¢, ¢, @) and ¢* = (¢,", ¢,*, ¢,) which are
specified by their own asymptotic forms

s==—oc, ¢ ~p, (p A -p—nlTClexp(p~ M) s ()
g ~ [1, 01T €7 oxp (p,.5)
s> Foc, ¢t ~ [0, 1]T CTexp (As), ¢n' ~ [1, 01T C'exp (p,.s)
Doy = =y = (g 4 A 4 l“)l/“ (m =2, 3)

The two bases ¢~ and ¢' are linearly dependent and the constant (3 X 3) matrix S (})
is therefore defined as

G~ = Spm@pt, m, n =1, 2, 3

The dispersion equation for A is determined in terms of its coefficients. In particular,
in the case of a )\ which belongs to the first guadrant, we obtain /6/

AQ, p, 8, p) =538 — 8,5, =0 (12)

The neutral curve p=p (0, p) 1is determined from the condition Rel(p, 68, p) =0 for the
root of (12) with the maximum ReA. If the imaginary part of this root differs from zero,
then the function o (8, p) = ImA(p. 6, u) is defined when Reld = 0. The function ¢ = S,¢,” —
8,9, which corresponds to the ) which has been found determines the eigenfunction + in
accordance with (8).

The results of the calculations are shown in Figs.l and 2 and in Table 1. Cross-sections
of the neutral surface p = p (0, p) when 6 = 0.04¥ —0.03, where N =1, ..., 4 are shown in
Fig.2. Here, on the neutral curves, the values of p decrease as the number N increases and,
in particular, p*=p (8,0) also decreases (Table 1). The values of p, () correspond to
the minimum on the neutral curves which is attained when p = p, (8). The frequencies o* (8)
and o, (0) are determined using o (0, p) with p=p* and u=pu, respectively.

The boundary of one-dimensional stability p = p* (8) is shown in Fig.l in the 0, p plane
(curve 2). A comparison with the data from /3/, where this curve is given in the form C =
9.16/(1 + 2.50), shows that the relative erorr in the values of p* does not exceed 0.015. The
domain of physical values of the parameters C (p, 8)<<1 1is bounded by curve I in Fig.l. For
fixed 0, the variation in p is bounded by the condition p < pmax Wwhich corresponds to
c<1 and the neutral curve p = p(n), determined for a given 9, therefore divides the
strip 0 < p<pmax in the p, p plane into a domain of stability and a domain of instability.
The values of p<{p(n) correspond to the domain of stability. In the case when 8 = 0.04
and u is not small, the neutral curve can be approximated by the parabola p o~ —0.47 — 0.60p -+
1.05p%. In Fig.2 the boundary of the physical domain of p,,, 1is indicated for the values
0 =0.09 and 6 =0.3.

Table 1
6-100 p* P [T O TR T @* o4 —6gR
1 7.26 6.97 2012 6389 1.146 1.578 3.0
3 7.16 6,88 2039 6414 1.150 1.582 4.2
5 7.08 6.80 2065 6496 1.158 1.589 5.0
7 7.02 6.73 2118 6608 1.167 1.605 5.7
Y 6.96 6,68 2129 6729 1.177 1.614 6.3
11 6.92 6.63 2141 6848 1.186 1.625 6.8
13 6.88 6.58 2202 6960 1.196 1.645 7.1
Estimates of the critical wave number &k, -}, when 0: 005 yield /1/ /=~ 042 while,
according to Table 1, k,20.45. According to the data on the period of the oscillations (/1/,
v 0.128), wga=1.5 while, from Table 1, o,=~1.6. The value o*~12 is determined from the
period of the one-dimensional oscillations (/3/, Fig.2) for 0= 0.0318 while, in the table,
o* o 1.15. The calculated values for the velocity of the wave front are therefore also con-

sistent.

Let us now return to a more detailed study of the loss of stability of a stationary wave
in the case when auto-oscillations of the plane front occur, and to the calculation of the
first Lyapunov coefficient. The loss in stability is associated with the mode p=0, w=
and, in accordance with this, there is no dependence on the x and y coordinates and it is,
in fact, a one-dimensional stability problem which is being investigated.

The eigenvalue problem adjoint to (7)

AR* = Mp*, GPFov e = 0 (13)



807

concerning the scalar product

9> =@ dzdy {4, ds

a

is next required.
Here

N A—98/9s— Dy — Oy
At = — Oy — 35— Dy

The other boundary conditions for ¢* require satisfying the condition
(A, P *> — (s A*lpz*> =0

By applying the method of separation of variables

* =g (w iz, y) ot = 8%, T
we obtain

BEHdS? - dE¥ds — @y + R+ W EF —DO* =0 {14)
dy*/ds + DyE* + @y + R 1* =0

We shall assume that the eigenvectors (7) and (13) form a bi-orthogonal basis
bmy Bu*D> = Span {13)

In the case under consideration m,n =0,1,2 corresponds to X =0 and A =1, A, =4
which are associated with neutral perturbations and the occurrence of auto-oscillations. We
shall next exclude neutralperturbations (¥, {,*> == 0. Then, the loss in stability can be con-
sidered in the central manifold, the cross-sections of which 0 == const, p = const are two-
dimensional /8/. In the case when Y belongs to the central manifold, we define the coordi-

nates ¢ and a:
Ve=ag@@p+anyp+T, alt) = (¥, v* (16)

where ¥’ is uniguely defined by the ¥ specified on the central manifold (¥, ¢,*> =0), and
P and $* correspond to A =1},

The contraction of problem (6) into the central manifold leads to a two-dimensional
system in a coordinates. Its normal form /8/ has the representation

a =Mh-+Galal an

Here, terms of higher order with respect to @ have been omitted and a derivative with
respect to T is denoted by a dot. If it is only necessary to determine the basic contribution
to the bifurcated periodic solution in powers of p — p*, there is no need to distinguish the
normal variables ¢ in {17) and the coordinates in the central manifold {(16). Moreover, the
contribution from ¥’ in (16) to the bifurcated solution is of the order of p — p* /9/ and
the principal term in the expansion of the bifurcated solution in powers of p — p*, when
account is taken of Eq.(17), has the form

¥ = 2Re {{—Ap’ (p — p*)/GalV: o7} + O (p — p*%) {18)

Here - Ag’ is the derivative of the real part of A with respect to p when p=p* and Gy
is the real part of & from (17},

To calculate Gg we shall make use of the formal expansions for the periodic solution
{6) with subseqguent use of the Fredholm alternative /7/.

The scalar product

2n

(¥ ¥ = 5= | <0, Va0t (19

o

is introduced into the space of functions which are 2n-periodic with respect to ¢ and the
operator D, = —w,0/0t + A,. Here, t= @,t, ®, == o* and A, is the boundedness of the
operator A on the boundary of stability p = p*. The adjoint operator with respect to the
scalar product (19) Dg* = @ 9/9t + A*.

The vectors, which are defined on the boundary of stability: ¥, =1, % = e, T = ¢ ¥,
where v, % and ¢ are eigenfunctions of the operator 4, belong to the kernel of the
operator D,. Similarly, ¥* =¥,*, ¥ = y*, 3* = ¢§* belong to the kernel of D, * where ,*,

p* and $* are the solutions of the associated problem of the eigenvalues which, together with
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Py P and 3, form the biorthogonal basis ({15).
Let us seek the bifurcated solution of Eg.(6) which is 2n-periodic with respect to

t=o()T 1in the form of power series & = [¥, y*|
Woee eV (1) 4 W, (020 4 Lo p(e) — p* = ep, + €3pf2 L L (20)
© (&) — vy = g0, -+ w20 + ...

In this case, the parameter 6 is assumed to be fixed everywhere., In order to exclude
neutral perturbations, we require that [¥, y,*] = 0. On substituting (20) into (6), we find
equations for determining the coefficients in the right-hand sides of (20)

DY, =0 (21
DY, — 20d¥,/dt + 2p, A, + B(V,, ¥) =0 (22)
DY, — 30,d¥,/dt - 3p,A’Y, — 30,d¥,/dt -+ 3p,A'Y, + (23)

3p,B" (¥, ¥1)+3p A", + 3B(¥y, Vo) + C (¥, ¥y, ¥)) =0

and so on. The operators 4, B and C and their derivative with respect to p, which are denoted
by a prime, are considered on the boundary of stability p = p*.

The unique solution of Eq.(21), which satisfies the auxiliary conditions [¥,, y,*] =0, ¥,
y¥l =1, is

The conditions for Eq.(22) to be solvable /7/ lead to the requirement that o, =0 and
p,=0 and, in the case of Y,, we get

DY, -+ B(¥,, ¥))=0, [¥,, 7* =I[¥, x*]=0 (23)
From the Fredholm condition for Eq.(23) to be solvable
3—iw, + pA) + 3B (¥, Wy, w¥1+[C (¥, ¥, V), ¥ =0 (20)
we find p,. By comparing (18) and (20) and using expression (24), we get
Gy =Y, Re {[B (¥,, ¥,), v*l + Y, [C(¥,, ¥, V), x*]} (27)

In order to determine Gg, we find ¥, from Eq.(22)
V¥, = ¢Z, + Z + €¥Z,, Z,= R, S,)%, n=02

Substituting this into (25) we obtain two problems for Z; and Z,

@RJds + dRyjds — DxR, — DyS, — 2F, (28)
dSy/ds — xR, — PyS, = 2F,
Fy = ®yx EE + Oxy (871 + En) -+ @yymi
@R Jds? + dRyds — (®x -+ Ziwg) Ry — OyS, = F,
dSy/ds — ®xR, — (Dy + 2iwg) Sy = Fy (29)
P, = Oxx B2 + 20xyin + QPyyn?

The solution of problem (28) must satisfy the supplementary condition <{Zy {,*> = 0. We
obtain

Gr=—Re| { (3-8, + 5 M,) € + 7% s} (30)
M, = Oxx (ER, - _gR_z) + Oyy (nS, + MSy) +
Dxy (gS_o + &S, + 7]R0_+ nR,)
M, = 3035y §& + 3¢_’XXY (28En + EM) +
30xyy 28N + En?) + 3Dyyy v

Here, M, and M; determine the contribution to Gg from the quadratic part B and cubic
part ¢ of Eq.(6). The results of the calculations of G and shown in Table 1. Since the
magnitude of Gy is negative for all @, there is always a soft perturbation of the selfexcited
oscillations of the plane combustion front on passing across the boundary of stability.

We will point out some details of the calculations. The solutions vy.* and %* of Egs.(14)
corresponding to A =10 and &--iw, are determined by integration with respect to the given
asymptotic forms when s— —oo
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Go* o2 [{ + p) —pIT exps, % =2 lgy -+ p ~ iy, —pIT exp (g) 131)
G2 = Yo b Mo — iwg)"?

At the same time the solution ¢,* becomes constant as s— oo and * e, exp (g;9), ¢ exp
(io)]¥, where ¢ and ¢ are complex constants. Apart from the solution ¢* which has been
found, there exists for any ® a further solution q,* = [{, —1]7 for which (g, ¢*> = 0. The

calculations sl}owed that <9, 9*> =0 in the case of the solutions (31) and, in constructing
the biorthogonal system (15), there is no need for the second solution ¢,* and the sole
requirements (@, $o*> = and <, ¢*> =1 can be satisfied by the choice of the coefficients
in the solutions (31).

Egs.{28) have the integral S, = R, dR/ds. Egs.(28) is integrated from s= —oo, Z:=0, and
Zy=Z — (Z, y*>yp, Which satisfies the condition (Z,, ¢,* =0 is then determined using the
solution obtained. The magnitude of F, as a function of s had a & -shaped form.

The unique solution of Eq.(29) was determined in the following manner. For the solutions
of this equation the asymptotic forms when s-»-oc are the same as in the case of the solutions
of EQ.(9) when A= 2w, p=10. Let us construct the solution Z, with the asymptotics forms
s — 00, Zg S e” F 0Py (see (11)), where ¢, ¢~ —0 when s——c and ¢ and ¢ are arbi-
trary complex constants. By using the asymptotics forms (11) for ¢ ¢* and @, it is
possible to determine the coefficients of the expansion of the solution which has been found
Zy = kpyt + ko, - ky@yt. The complex constants ki k; and %, depend on ¢ and ¢, At the calcu-
lations show, the constants ¢, and ¢, are uniquely defined by the conditions k =k,=0 and
it is thereby uniquely defined that Z;—0, 5= 4co.

Substitution of the functions which have been found into relationships (30) determines
Gg.

Let us now consider some more complex cases of loss of stability. In order to do this,
information is required concerning the solutions of problem {10}, when {Q is a circle of
radius R, a periphery of length 1 or a square with a side of length 1.

In the case of the circle the eigenvalues pmn, = (imn/B)? m =0, 1, ...,n=1,2, ..., when
Jmn are the roots of the derivatives of the Bessel functions J, {jm..) = 0. All the eigen-
values Mm, when m=£0 correspond to double modes {m, n) with orthonormalized eigenfunc-
tions

WS 3 w0} = Con, n o (e, w/RY (V2 cOs mep, V2 sin mep)
Coin = Jm, n/'[(.ﬁn, n mZ)il, Im(jm, n)]x m#=0
The remaining Mg, (flp,, = 0) are the single modes wy,, = J; (jo,a/R)Jo (g

[]
In the case of the periphery, the eigenvalues p, == (2nn/l)?, n =1, 2, ... are double with
the eigenfunctions

=5 2 . 27
w(,f’=V2cos—“;z—x-, w® =2 sin TI, B0

w, = 1 corresponds to the single eigenvalue p, = 0.

In the case of a sguare, there are identical eigenvalues among the eigenvalues Yom,py =
w2 {m? et (mon=01,..) and the number of different modes which correspond to a given
4 determines the multiplicity of the eigenvalues. The eigenfunctions corresponding to the
modes (m, n) are

mnx

Wy, = 1; Wi, p = Vz €os 7 3

m=1,2,...

Y nay
Wy, n =12 cos o on=4,2, 000 W= Wa, ot
i , s 00, n

We shall subsequently consider c¢ase when, apart from p =0, there is just a single one
or double n =0 to which one or a double A respectively with iz >0 corresponds. We
shall dencte the amplitudes and eigenfunctions for the single A by g, and ¢, = qw; and for
a double A by a, and %, = gw; and P, = g, where w, and w, are the eigenfunctions (10)
for the given k, and 9 is the eigenfunction (9) for the given A(n). For p =0, we denote
the amplitude by @, and the eigenfunction by ¥, = ¢, where the latter is the solution of
Eq.(9) when A = A,

The analogue of the representation (16) in the case of a double A will be

2
¥ = NZJ;O (anpy + angn) + ¥’ (32)

and, in the case of a single A.
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1

= 2, (ewby — awy) 1 1 Vi

N=:0

Let us now consider of loss of stability when 0 =0.05/1, 2/. According to the data
in /1/, for the lower and upper stability boundaries we get p, ==06.72 and p* =6.93 while,
according to the data in Table 1, p, = 6.800 and p* = 7.08%4 1In order to collate the
numerical experiments /1, 2/ and the results of the solution of Eq.(9), the linear trans-
formation of the values of p calculated from the data in /1, 2/ was carried out which
established a match between the upper and lower stability boundaries.

The result of this linear transformation is subsequently
indicated as p. The values of 4 which correspond to the three
different values of p as p is continuously varied are shown
in Fig.3. The discrete values p :=0.4N are indicated by the
\ points. p = 6895, N =1, ... 4 p=06983, N =1, ..., are

ImA

P—
I
2 NNI\\‘

\ indicated for the values p, << p < p*. =7199, N =0, ..., 7
are shown for values of p > p*. Large values of Ay correspond
B } to large values of p.
5 For a circular cross-section @ when p:= 6895, R~8.7 (/1/,
' b / vy = 0.129) unstable modes (2.1)— (1.2) correspond to 1, .... e
L which are arranged in increasing order. The fundamental (0.2)
cﬂ mode, observed in /1/, with the greatest Ly, corresponds to
’U 0 " "y a single p; and to the eigenfunction of the fundamental mode
' ' o Qg s If only the fundamental mode were to be unstable
Fig.3 then the representation (16) and the amplitude Eq.(17) with

the solution ¢:=e®® would be valid.

When p = 6.989, R~ 8.7 (1], y = 0.128), the same fundamental mode with a larger number of un-

stable modes (1,1)—(2,2), which correspond to Wys - - -, B8, Was observed.

When p = 7199, R ~ 8.6 ([2], y == 0.126) the number of unstable modes (0.1)—(6,1) accompanying
the observed fundamental mode was extended: 1, ..., lyo-

Let us now consider a simplified case, when only the zeroth and fundamental modes are
unstable, in the representation (33) v, = ¢4 5 = ¢y, The normal form of the amplitude
equation

ay’ — Aoty == g (Gyy fag|* - Gor |y 1) (34)
a — hay = a; (Gpo | @ P+ Gr1| & %)

has the solution a, = 0, a; = e which is stable when Re (A, 4 Gye?) < 0.
When p=7.199, R~ 4.0 ([2], y= 0.126), the unstable modes 0,1)~(2,1) correspond to Mo, My
and p,. The (1,1) fundamental mode corresponds to a double ;.
Let us now consider an example when only the zeroth and fundamental modes are unstable
in the representation (32), ¢, = ¢). ¥; = qw{}{, Py = qw{?{ The normal form of the amplitude equation

g’ — hoay = Gay | @y [P+ Hp; (@) a4 35)
a;” — hay = Ap, (a) a; + iBp, (a) ay -+ Day | ao |?
ay’ — hay = —iBp, (@) a; + Apy (@) a3 -+ Day | ag |
1= a P+ |az I, pp = i (@10, — d;a,))

was obtained in the following manner. The normal form, which contains all the resonance
monomials of order 3, was first determined. Since the initial system (6) permits the group

of motions of a circle O (2), the action of this group on the cross-section of the central
spectrum leaves the amplitude eguations unchanged. The action of the group in the finite
dimensional amplitude space induces transformations of the normal amplitudes with regard to
which the normal forms of the amplitude equations must be invariant. This leads to constraints
on the coefficients of a normal form among which only five independent forms (35) remain.
Eq.(35) has a solution in the form of single-helix waves

ay = 0, {as, @y} = e {1V 2, i) T) (36)
(the choice of sign corresponds to right-handed and left-handed spirals).
When p = 7199, R~6.7 ([2], y = 0.126), the unstable modes correspond to y,, ..., gs.The fundamental

(2,1) mode corresponds to a double p,. The solution which has been found has approximately
the same form as in the example (32), (36) which had been considered above but has the eigen-
functions ¥ = qu{l), ¥, = qui} which corresponds to a double-helix.

Similar states are observed in the case when the cross-section @ is a periphery of
length 7.
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When 0 =0.0327, p~949, I1~575 (/4/), the modes p, and p, are unstable. The fundamental
mode corresponds to a double P The representation (32), with ¢, = g Py = qui?, b, = qui®

and Eq.(35) describe the loss in stability as in the case of a circular cross-section Q. The
single-helix wave which is observed corresponds to solution (36).

When 6 = 0.0327, p ~9.49, I ~ 115 (/5/, Fig.l),the modes Mo - - - Mg are unstable. The fundamental
mode corresponds to a double ;. The observed solution is the same as when = 5.75.
When 0 = 0.4, p ~8.04, I~473 (/5/, Fig.2), the modes p, ... 1, are unstable. The funda-

mental mode corresponds to a double p, The observed solution of the form of (32), (36) with
=g, Py = eu{®  is a double-~helix wave.

Let us now consider cases of loss of stability when 6 = 0.05, p~7.199 (/2/,v= 0426) for a
square cross-section of various sizes.

When 1~67, the modes p, w and p, are unstable. The fundamental (1) and (1,0)
modes correspond to a double ;. The simplest case is when only the zero and fundamental
modes are unstable and, in (32), ¥,= ¢,y = Qw1 % = ¢w,e. The normal form of the amplitude
equation, when account is taken of the symmetry of a square

ay’ — oty = Gag [ ag PP+ H (a1 P + ] a2 ) a0 (37)
ay" — hay = Aa,3, + Bag%ay + Cay| ay > + Day|a |?

ay — hay = A2y -+ Ba’dy + Cay | a; |2+ Day| ag |*

has a solution of the form of (36) when the lower sign is chosen which corresponds to the
observed state.

When !=13.4, the modes ., ..., us are unstable. The (0,2) and (2,00 fundamental modes
correspond to a double p,. If just the zero and fundamental modes were to be unstable, the
loss of stability could be described by relationships (32), (37) with ¥, = g ¥, = qugs, P2 = Qug,.

In this case, the resulting solution is a, =0, ¢ = ¢, = e®7/)/3,

When 1=1938, the modes p,, ..., g are unstable. The fundamental (1,1) mode corresponds
to a single y, If only the zero and fundamental modes with ;= ¢w;; are taken into con-

sideration, the loss in stability is described by Eq.(34). The observed state corresponds
to the solution e, =0, q; = e®",

In conclusion we note that the determination of the coefficients of the normal forms for
the various cases of loss of stability is a fundamental problem. Using the known coefficients,
it is possible to solve the problem of the stability of a branching solution.
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